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Abstract
In recent years, physics, once considered the hardest of all the sciences,
has been linked not only with parapsychology, but even with mysticism and
various religious-philosophical traditions. An important, though by no means the
only reason for this changing role is the emergence of Pythagorean trends in
some of its 20th century developments, in particular, in quantum mechanics and
in relativistic cosmology. In this paper, it will be attempted to explain and
discuss the origins and the relevance of these trends.
According to the Pythagorean tradition, the essence of reality is to be found
in pure numbers and in mathematical or geometrical structures and relations.
The Pythagoreans had found such relations first in music, and claimed to see
similar relations in the motion of the planets, in the “harmony of the celestial
spheres”; eventually, they had hoped, such relations and harmonies would be
revealed as the very foundation of all of reality.
This doctrine did exert a strong influence on the philosopher Plato and on
many of his followers in both ancient and modern times. This philosophical
tradition, commonly labeled “idealism”, had always strong ties with mathemat
ics; in fact, the inscription “Nobody but mathematicians may enter” was alleg
edly to be found on the entrance gate to Plato’s academy in ancient Athens. This
tradition was opposed by the followers of philosophical “materialism” who
subscribed to the belief that “matter is the only reality”, and that its constituent
parts were the indivisible “atoms”. Both these doctrines had their origins some
2500 years ago in ancient Greece, and remained basically philosophical and
seemingly contradictory speculations until the 1860’s when experimental, scien
tific research began to produce confirmatory evidence for some of the claims of
both of them. Since then, the “atoms” as basic constituents of matter have
become a reality taken for granted by everybody with just the most rudimentary
exposure to science while the numerical relations and mathematical structures
inherent in both the atoms and in many other aspects of physical reality are
familiar at least to those having benefited from a somewhat more advanced
scientific-mathematical education.
In Part I of this paper we shall outline the development of these trends from
the 1860’s until about 1930, and show in particular how quantum physics and the
special theory of relativity have contributed to them. We shall point out a
recurring pattern of four in these developments: the four elements of the an
cients, the four dimensions of relativistic space-time, the four fundamental
constants of modern physics, the four types of forces, and the corresponding
four pure numbers, the “mysterious numbers”, characterizing them.
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In Part II, the role of the “mysterious numbers”, in particular, of the number
“137” will be considered together with the numerical coincidences of modern
cosmology within the context of the evolutionary history of our Universe. An
“anthropic principle” proposed in recent years suggests that these four num
bers to be just about what they are; otherwise, the evolution of life and our own
existence would not have been possible. This appears to confirm the specula
tions of the philosophers Leibniz and Kant, both representatives of “idealism”,
that our world is not a random sort of place, but a rather special place elaborately
constructed the way it is. What are the conclusion to all of this? Various
possibilities will be suggested and discussed.

When ordering the Universe,
the creator began by giving
the elements a distinct
structure by means of
mathematical laws and numbers.
—Plato, Timaeus 53B

INTRODUCTION: “The Locus of Mathematical Reality”
“Do mathematical truths reside in an external world, there to be discovered by
man, or are they man-made inventions? Does mathematical reality have an existence
and a validity independent of the human species or is it merely a function of the human
nervous system?” Leslie A. White, a noted anthropologist, asks these questions in a
chapter on “The Locus of Mathematical Realtiy” of his “Science of Culture”1, and
gives a fairly comprehensive survey of various attempts to answer these questions.He
arrives at the conclusion that mathematical reality lies neither within us nor outside us,
but that “mathematics in its entirety, its ‘truths’ and its ‘reality’ is a part of human
culture, nothing more ... Mathematics, like language, institutions, tools, the arts, etc.
is a cumulative product of ages of endeavor of the human species.”
By and large, the pure mathematicians of our times appear to agree with White
while mathematical scientists, in particular theoretical physicists and astronomers,
usually show some inclination towards the traditional pythagorean-platonic belief that
mathematical structures and numerical relations are to be found or discovered in
physical reality. Such beliefs had been quite clearly expressed in some of the classical
writings of the great mathematical scientists. Galileo says, for instance, in his “Dia
logues on the Great World Systems; (1632): “Philiosophy is written in that vast book
which stands for ever open in our eyes, I mean the Universe; but it cannot be read until
we have learned the language and become familiar with the characters in which it is
written. It is written in mathematical language, and the letters are triangles, circles, and
other geometrical figures without which means it is humanly impossible to understand
a single word.” While Galileo emphasizes mathematical language, his contemporary
Kepler, the discoverer of the laws of elliptic planetary motion, sees a still deeper level of
reality in geometry in his ‘Mysterium Cosmographicum” (1597): “Why waste words?
Geometry existed before creation, is co-eternal with the mind of God, is God himself;
Geometry provided God with a model of creation, and was implanted into man,
together with God’s own likeness ... The idea of quantities have been and are in God
from eternity, they are God himself; Geometry provided God with a model of creation,
and was implanted into man, together with God’s own likeness ... The idea of
quantities have been and are in God from eternity, they are God himself; they are
therefore also present as archetypes in all the minds created in God’s likeness.”2 For
Kepler, science becomes meditation on God’s plan of creation. Similar ideas were
expressed by Descartes, Pascal, Newton, Leibniz, Euler, and many of their 17th and
18th century contemporaries and followers, although usually in a somewhat more
reserved and less exuberant language than Kepler’s. Leibniz, however, extolled the
role of mathematics in a different direction by claiming that it could be extended to a
general science of reasoning. According to him, if everybody had learned this kind of
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mathematics
. there would be no more need for dispute between two philosophers
that between two accountants. It would suffice to take their pencils, to sit down to their
slates, and to say to each other: Let’s calculate”3 But for Leibniz the creator God is still
the cosmic mathematician:
.. it is now marvelously understood how in the very
origin of things a divine mathematics was employed.’’4 Like many contemporary
theoretical physicists and astronomers of today, these early scientist-philosophers had
been guided by the Faustian motivation as expressed so beautifully by Goethe: ‘‘Dass
ich erkenne was die Welt, im innersten zusammenhaelt.” This quote is hard to
translate, but in a broader context it reads: "So I have resorted to the magician’s art to
penetrate by the power and voice of the spirit some of the secrets of nature ... and to
gain insight into what holds the world together at its innermost core.”5
The “pure mathematicians” of today do not subscribe to this motivation, but this
trend started only during the 19th century. According to them, the primary goal of
mathematics is no longer the understanding of physical reality, but the creation of their
own concepts and theories almost without regard to external reality. One of the
pioneers of this trend, George Cantor, the founder of the now widely used theory of
sets, expressed this new attitude quite explicitly in 1883: “Mathematics is entirely free
in its development, and its concepts are restricted only by the necessity of being
non-contradictory and coordinated to concepts previously introduced by precise
definitions ... The essence of mathematics lies in its freedom”6 However, not all the
19th century mathematicians subscribed to this philosophy. Leopold Kronecker, one
of the pioneers in the development of the theory of numbers whose algebraic symbols
are widely used in modern theoretical physics, did suggest: “God made the integers;
all the rest was up to man”7There are adherents to the old platonic beliefs even among
the famous pure mathematicians of today. One of them, Kurt Goedel, says: “Classes
and concepts may .. .be conceived as real objects .. .existing independently of our
definitions and constructions... It seems to me that the assumption of such objects is
quite as legitimate as the assumption of physical bodies and there is quite as much
reason to believe in their existence.They are in the same sense necessary to obtain a
satisfactory theory of mathematics as physical bodies are necessary to obtain a
satisfactory theory of our sense perception." But this is the same mathematician who
has shown in 1930 that the program of pure mathematics is unrealistic: the consis
tency of mathematical formalisms like algebra and arithmetic cannot be fully demon
strated. This is one aspect of his so called “Incompleteness Theorem”.8 But these
internal inconsistencies of pure mathematics do not at all interfere with the search for
mathematical structures in the physical world.

Mathematics as a Language and Tool
To a considerable extent, the critique of the 19th century pure mathematicans
had been justified. Most of the mathematical-geometrical laws and structures ascribed
by the early pioneers in the mathematical sciences to God’s creation turned out to be
fictitious or approximate. In particular, Euclidean geometry had been believed to
describe "real” space, but 19th century mathematicians starting with Gauss, Lobachevski, Bolyai, and Riemann pointed out that this geometry is only one of an infinite
variety of non-euclidean geometries. These geometries proved to be essential for the
development of realtivity theory during the early decades of the 20th century; we are
now quite sure that the geometry of physical space is non-euclidean. We might ask
next: what about Kepler’s and Newton's laws? These laws do follow from relativity
theory in the so called non-relativistic limit, but they are only approximate, and their
validity is subject to a variety of limitations.On the other hand, without the availability of
mathematics as a language for description and as a tool for calculations all the insights
into physical reality gained since Kepler and Newton and the development of most of
modern technology would have been impossible.
First, mathematics has provided us with an extension of language enabling us to
describe clearly and precisely a variety of aspects of reality which ordinary human
language can describe only in vague terms, or, in some instances, not at all. Besides,
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mathematics enables us to make predictions and to perform a variety of calculations
essential not only in modern technology, but also in economics and in the social
sciences. Indeed, via the dvelopment of computer science mathematics is drastically
altering many of the social aspects of our life.
The development of mathematics proceeded actually in many different
directions.The differential and integral calculus of Newton and Leibniz together with
the theory of differential equations permitted a highly accurate prediciton of the
movements of all the celestial bodies in our solar system and also the construction of a
variety of complex mechanical engines. These same methods programmed into
modern computers have made possible modern space flight. All these calculations are
based on the assumption of the validity of causal, deterministic laws, but the laws of
chance can also be used in a similar way. For this purpose, the calculus of probability,
combinatorics, and statistics have been developed. Statistical methods have proved
not only of vital importance in modern business and economics, but also in the
construction and operation of heat engines and of many other engines utilizing energy.
Energy itself is basically a statistical concept. We have thus encountered an example
of a complementarity typical for various aspects of modern science: mathematical
methods can be equally used to make predictions based on causal laws and on laws of
chance.
The free creative development of mathematics has also produced a variety of
sophisticated methods and techniques which has enabled the theoretical physicist
and the astronomer to formulate a vastly improved description of “reality” including a
fairly detailed history of the evolution of our Universe. We have already mentioned the
use of non-euclidean geometry in the formulation of Einstein’s “General Theory of
Relativity” which has become the basis of modern cosmology. The progress of
quantum mechanics which has given us an understanding of the basic structure of
matter, would probably have been much slower if matrix and group theory had not
been developed during the 19th century.
There is an almost prophetic quote on group theory in Oswald Spengler’s “De
cline of the West’ ’, a work on the philosophy of history written during World War I: “Out
of this grandiose vision of symbolic superspaces developed the final and most compre
hensive achievement of Western mathematics—the generalization and sublimation of
the theory of functions into the theory of groups. Groups are sets of embodiments of
interrelated mathematical structures ... One feels that they open up worlds of new
types of mathematical structures which can somehow be seen by the inner eye of the
initiate. Investigations of these tremendously vast, abstract form-systems—in particu
lar, their transformations, reveal the existence of elements not undergoing change—
the so called invariants .. .This is the culminating achievement of Western mathemat
ics, the image and the purest expression of the idea of the Faustian spirit.’’9 When
Spengler wrote these lines—perhaps in 1915—group theory had been known only to a
few specialists. The basic importance of group theory was only recognized during the
later developments of Quantum Mechanics—which had it first beginnings in 1925, and
became widely known only during the 1950’s. The main founder of the theory of
transformation groups had been a Norwegian mathematician Sophus Lie who did most
of his writing during the 1880’s. In a book of the mathematician Robert Hermann
published in 1970 we find the semi-serious quote in the Preface: “Perhaps God is a Lie
group?"10 If so, would not Lie Groups and similar mathematical structures appearing in
our modern theory of matter and of the Universe seem to have a reality of their own?
All this suggest against the question why some of the methods of modern
mathematics seem so miraculously effective in the physical sciences. Eugen Wigner
who received the Nobel prize in 1963 mostly for his applications of Lie group theory in
quantum mechanics, wrote an essay on “The Unreasonable Effectiveness of Mathe
matics in the Natural Science” in which he points out ‘ ‘that the enormous usefulness of
mathematics in the matematical sciences is something bordering on the mysterious
and that there is no real explanation for it.”11 One is, of course, inclined to look for an
explanation in the actual structure of the physical world. There is undoubtedly order in
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the Universe: the basic laws of nature, the values of the fundamental constants, and
various numerical ratios appear to be the same in all the domains of space-time
accessible to astronomical observation. There is no known physical phenomenon
which has defied expression in mathematical language, and mathematical methods
are being used successfully in the study of a large variety of biological phenomena.
After such consideration, Wigner concludes .. on a more cheerful note. The miracle
of the appropriateness of the language of mathematics for the formulation of the laws
of physics is a wonderful gift which we neither understand nor deserve. We should be
grateful for it and hope that it will remain valid in future research and that it will extend,
for better or worse, to our pleasure even perhaps also to our bafflement, to wide
branches of learning.”12The harmony between mathematics and the physical world is
simply a fact which we are aware of, and which inspires our wonderment, but we
cannot yet tell whether we shall ever be able to understand it fully and satisfactorily.
The Reemergence of the Pythagorean-Platonic Worldview
Even the “miraculous” successes of mathematics in modern physics, astron
omy, and cosmology have not persuaded many scientists to reconsider the relevance
of the pythagorean-platonic worldview, and as long as mathematics is primarily a
language and a tool, this reluctance or lack of interest is really quite justified. If some of
the outstanding theoretical physicists have given expression to their feelings or belief
that a reemergence of this worldview is actually taking place, the reasons must
obviously be different.
Neither the pythagorean-platonic worldview not its traditional antithesis, the
atomistic-materialist worldview, had actually any basis in scientific fact until the
1860’s, and it is a remarkable coincidence that the beginnings of a scientific confirma
tion of both happened at about the same time. Before that, both systems had been
simply the product of philosophical speculation which had, of course, attempted in a
qualitative way to explain various natural phenomena, but without any foundation on
hard quantitative fact.
The existence of imperishable, indivisible atoms as the basic constituents of
matter had been postulated by the ancient Greek atomists at about 450 B.C. This
postulate did become a kind of dogma of philosophical materialism, but the actual
existence of atoms was only scientifically verified by the Austrian physicist Loschmidt
in 1865 who succeeded in determing both the masses and the size of atoms and
molecules—the hypotehsis that molecules had to be distinguished from atoms and
were built up from two or more atoms had been proposed during the earlier decades of
the 19th century. The speculations of the Greek atomists had thus apparently been
confirmed.
But just a few years later, in 1869, the Russian Mendeleyev proposed his
“Periodic Table of Elements”—an element being a particular species of atoms. This
table assigns an integer number, the so called atomic number, to each chemical
element, i.e., to each species of atoms. In modern notation, this number is usually
denoted by Z; its values range from Z = 1 for hydrogen to Z =92 for uranium, the
heaviest element found in nature. Since 1931, a number of artificially produced
elements have been identified for Z up to about 110, among them the controversial and
highly poisonous plutonium for which Z =94. Around the turn of the century, largely
thanks to the discovery and identificaiton of radioactive elements by Madame
Sklodowska-Curie and others, the atom began to look like a miniature solar system,
with a small, heavy nucleus at its center surrounded by electrons circling it like the
planets orbiting around the sun. The proton as a positively charged particle and the
electron as a negatively charged particle had been identified during the 1890’s; the
ratio of the mass of the proton to the mass during the 1890’s; the ratio of the mass of the
proton to the mass of the electron is 1836.11. The atomic number A is both the number
of protons in the nucleus and the number of elecrons circling it in the neutral atom. An
additional constituent of the nucleus, the neutron, was identified in 1932; it turned out
to be slightly heavier than the proton—the ratio of its mass to the mass of the electron
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is 1838.6. The atomic nucleus contains both protons and neutrons, but while the
chemical properties of an atom are fully determined by the number of protons, Z, the
number of neutrons can vary to some extent. Atoms containing different numbers of
neutrons are called isotopes of a given element. For instance, the most common
isotope of uranium contains 156 neutrons and 92 protons, i.e. a total of 238 “nu
cleons”, a name used to denote both protons and neutrons. The symbol used to
represent it is 92U 238; the isotope used as fuel in nuclear reactors is, however, ^U238 — it
contains only 153 neutrons.
Integer numbers play thus an important role in atomic and nuclear physics. The
confirmation of the Pythagorean speculation about the role of integer numbers in
nature which had preceded Greek atomism by about a century, had thus started at
about the same time as the confirmation of the atomic hypothesis. Atomism and the
Pythagorean doctrine appear thus not as contradictory, but as complementary.
Later developments of atomic theory used other integers and sets of integers.
Bohr, the founder of the mathematical theory of atomic structure, saw in the discovery
of these numbers, “an important step towards the solution of a problem which for a
long time had been one of the boldest dreams of natural science, namely, to build up an
understanding of the regularities of nature upon the consideration of pure numbers.”13
These other integers had first appeared in the study of the atomic spectra. Already in
1884 Balmer had noticed that the wavelengths of the spectral lines in the spectrum of
atomic hydrogen could be expressed by the formula A = Aom2/(m2 - n2) where n = 1,2,3,
..., and m = 2, 3, 4, ... In 1911 Bohr formulated a theory of hydrogenlike atoms
assuming that the orbits of the electrons were “quantized” — i.e., that their angular
momentum (mass times velocity times orbital radius) was an integer multiple of
•fi = h/2n where h is “Planck’s Quantum of Action”.
The Beginnings of Quantum Physics
The discovery of the “quantum of action” in 1900 led to the use of sets of integer
numbers not directly related to atomic structure, but rather to electromagnetic radia
tion. The German physicist, Max Planck, had noticed at that time that the energy
distribution in thermal radiation — a form of electromagnetic radiation — could be
explained if one assumed that the energy of this radiation was “quantized”, i.e., that it
appeared in integer multiples of the quantity of energy E = hv where h is Planck’s
constant, the "quantum of action”, and vis the frequency of a particular component of
this radiation — frequency being defined as the number of vibrations of the light waves
per second. (See Appendix A) The spatial structure of these “wave packages” carrying
energy is still a mystery, inspite of numerous later investigations which started with
Einstein’s famous first paper in 1905. Einstein suggested there the name “photon” for
these wave packages carrying the energy hv, and pointed out that this energy can be
transferred to an electron in a metal, thus releasing it and producing an electric
current. This is the so called photoelectric effect which makes possible the direct
conversion of solar into electrical energy.lt is used in the operation of solar cells, and is
likely to play a vital role in future energy production.
Planck's constant h ranks with the velocity of light c as one of the two basic and
relativistically invariant constants, i.e., any observer moving with a uniform velocity
relative to another will measure or observe the same numerical values for these
quantities. Dimensionally, "action” is equivalent to the product of energy multiplied by
time, but neither energy nor time are relativistically invariant; different observers will
obtain different values for these quantities.
The concept of “action” had actually been introduced by William Rowan Hamil
ton during the 1830’s in his attempt to formulate Newtonian mechanics in a possibly
general way. In this formuation, an “action function” turned out to be of fundamental
importance; the energy of a particle could be obtained as the time derivative of this
function, and Newton’s equations of motion could be derived from a “Principle of Least
Action”. Hamilton’s “action” shares many characteristics attributed to energy in the
earliest literature. Also in contemporary literature the word “energy” is still frequently
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used in this broader, earlier sense — for instance, when authors speak of “psychic
energies” — but it is not likely that such authors will start using the word “action”
instead. Still, it appears worth while remembering that both in Hamiltonian mechanics
and in modern physics “action” is primary, and "energy” secondary.
Another basic fact of a coincidental nature is that angular momentum—the
product of mass times velocity .times orbital radius in orbital motion—has the same
physical dimension as “acton”. An atomic unit of angular momentum,m =h/2n where
h is Planck’s constant, had been introduced in 1911 by Niels Bohr in his theory of the
hydrogen atom—he did assume that the orbital angular momentum of the electron
orbiting around the proton like a planet around its sun is always an interger multiple of
-fi. It is primarily this quantization of angular momentum which gives the atoms and
molecules their size and structure.
Later investigations did reveal that the elementary particles themselves are
rotating or “spinning”, and that the spin of a semistable elementary particle is always
■h/2; inspite of their great differences in mass, the electron, the proton, and the neutron
appear to have exactly the same spin ,fi/2. This is one of the basic experimental facts of
modern physics, but we do not have any intuitive understanding why this should be the
case.
In general, a combination of vibrational and rotational quantization plays a vital
role in determining the structure and the properties of various forms of matter. We
encounter it in the atomic nuclei, in molecules, and in larger aggregates of matter. In all
these cases, vibrations can be described in terms of “harmonic oscillators”. It was one
of the contributions of Heisenberg to show that their quantization follows from “com
mutation relations” of the type
qp - pq = v/’-l'fi
where q is a cartesian-type space coordinate of the oscillating particle, and p is the
corresponding momentum (mass times velocity). Obviously, q and p can not longer be
represented by ordinary algebraic quantities for which qp = pq, and hence, qp - pq =0.
The quantum-mechanical q’s and p’s can, however, be represented by matrices, i.e.,
square arrays of ordinary algebraic quantities.
The quantization of rotational motion follows from similar “commutation rela
tions" for the components of the angular momentum. Since atomic nuclei and mole
cules resemble spatially extended bodies, they can rotate about the three cartesian
axes of their own characteristic coordinate system, usually labeled x, y, z as in
conventional analytical geometry. The corresponding components of angular momen
tum about these axes, usually denoted by Jx, Jy, Jz, obey the commutation relations

Jx Jy - Jy Jx

J

z

J

X

J J

X

z

=

V^1 hJz

Jy Jz -

JZ Jy

=

N/1! h JX . ,

^1 hJy

These three relations show the same structure, and can be obtained from each other
by cyclic permutation of the subscripts, i.e., by substitution for y for x, z for y, x for z,
etc .(See Appendix B)
All these commutation relations are just the simplest examples for the commuta
tion relations defining the mysterious Lie groups which play such an important role in
modern physics. The first one defines the so called quantum-mechanical group, the
second, a set of three relations, the so called angular momentum group. In general, a
Lie group is defined by a comutation relation
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where i, j, k are integer subscripts (e.g., x, y, z can be related to the integers 1,2, 3
defining the three directions of ordinary space), and C is a set of quantities usually
containing the square root of minus one, \f-1, as a factor; non-vanishing values for
these quantities can only be expected when the subscripts i, j, k are all different. The
angular momentum group contains the three elemnts Jx or J„ Jy or J2, Jz or J3, in
three-dimensional space, but six elements in four-dimensional relativistic space; the
corresponding number of nonvanishing C-factors on the right hand side is one and four.
A group labeled SU(3) containing 8 elements and 9 non-vanishing C-factors plays an
important role in modern elementary particle physics. The usefulness and importance
of the Lie groups is thus a well established fact, but why this is so is still a mystery, and
is equally a mystery how the philosopher Spengler could have foreseen their impor
tance at a time when quantum mechanics had not yet appeared on the scene.9
Herman’s question, “Perhaps God is a Lie group”, may not have been just facetious.10
Atomic Theory
In later developments of Bohr’s theory of atoms, largely by Sommerfeld in Munich
and his students, additional quantum numbers, a total of four, had been assigned to
each orbit, or, in the language of quantum mechanics, to each electronic state. These
quantum numbers are:
1. The principal quantum number n = 1,2, 3,.. .determines the size of the orbit;
the orbital radius is proportional to n2. This quantum number defines what is called an
electronic shell.
2. The orbital quantum number 1 = 0, 1, 2....... (n-1) specifies the electron's
orbital momentum and the shape of the orbit; the smaller
, the more elliptic is the
orbit.
3. The magnetic quantum number m = -([........-1,0, 1......... 1 indicates the
possible space orientations of the orbital angular momentum.
4. The spin quantum number s = V2, - V2 may have only two values corresponding
to the two possible orientations of the electron spin. This quantum number had been
introduced without explanation by Sommerfeld, and had been correctly interpreted by
his former student Pauli only after the formulation of quantum mechanics in 1925. Of
course, the role of the quantum numbers in general became more meaningful only
after the formulation of quantum mechanics. (See Appendex C).
The structure of the periodic system of elements became only intelligible after the
introduction of these quantum numbers, and after the formulation of the exclusion
principle by Pauli which states that only one electron can occupy a quantum states
defined by the four quantum numbers. In 1946, Pauli received the Nobel prize for the
formulation of this principle, but gave credit to his former teacher, Sommerfeld, who
“... preferred a direct interpretation of the laws of spectra in terms on integral
numbers, following, as Kepler once did in his investigation of the planetary system, an
inner feeling of harmony.”14
The Four Fundamental Constants and the Four Forces
Physical quantities and relations do show a surprising tendency to make their
appearance in sets of four entities. Already the ancient Greeks distinguished four
elements: earth, water, air, and fire, and the four states of matter of modern physics:
solid, liquid, gaseous, and plasma do show a close correspondence to these four
traditional “elements”. The appearance of four quantum numbers in modern atomic
theory appears to reflect the fact that we have three dimensions of space and the
additionial dimension of time. The mathematical formalism of quantum mechanics
shows that the three quantum numbers n, £ , and m are related to the three spherical
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polar coordinates representing the distance from the center of the atom 4, and two
angular variables 0 and $ which correspond to geographical latitude and longitude on
earth. A simple mathematical transformation relates these coordinates to the tradi
tional cartesian coordinates x, y, z which are used in analytical geometry to specify a
location in space in a given coordinate system. In a less obvious way, the mathemati
cal formalism of relativistic quantum mechanics shows that the spin quantum number
s is related to time.
The fact that only four of the fundamental constants of modern physics appear
dimensionally independent and irreducible to each other is not related to the fourdimensionality of space-time in an obvious way, but it would not be surprising if it turned
out to be. The usual choice for these four constants is:
velocity of light........................................................................ c = 2.997925x 1010cm/sec
quantum unit of angular
momentum........................................................................ 4i = 1.05459 x 10'27 erg/sec
mass of electron........................... ............................................me = 0.910956 x 10'27 gm
Boltzmann’s constant.........................................................k = 1.38062x1 O'16 erg/deg.15
To construct all the other ‘ ‘fundamental constants ’ ’ of physics out of these four one has
only to use appropriate purely numerical factors.
First one can express the masses of all the known elementary particles as
multiples of the electron mass — so far, the electron is the lightest known particle
possessing a measurable rest mass. The numerical factors needed for this purpose
range from about 206 for the mu-meson or muon to about 150,000 for the heavy
W-particles believed to be the carriers of the weak nuclear interactions. Then, one can
express the force constants for the different types of forces in terms of fie. The four
types of forces are, in descending order of strength: strong nuclear, electromagnetic,
weak nuclear, and gravitational; we have been familiar with gravitational and electro
magnetic forces since the beginnings of modern science, but the existence of strong
and weak nuclear forces was only discovered during the 1930’s.
The gravitational force acting between two particles of masses m, and m2 is
under normal circumstances described by Newton’s famous law of gravity

F = Gm,m2/r2
where G' is the so called gravitational constant, and r is the distance between the two
particles; the minus sign is used to indicate that this force is always attractive. For
electrically charged paticles at relative rest to each other the electromagnetic forces
reduce to a force resembling the force of gravity:
F = q,q2/r2
where q, and q2 are the electric charges of the particles; if the two charges are of equal
sign, the force is repulsive, if they are of opposite sign, it is attractive. This is Coulomb’s
law for the so called electrostatic force. It is an inverse square law of the same
mathematical form as Newton's law of gravity but while the gravitational force de
pends upon the different masses of the particles, the Coulomb force is always
proportional to the square of the electronic charge, e2, i.e., ± e2/r2. Why these charges
have the same absolute value for all the charged elementary particles observed so far
is one of the mysteries of modern physics still to be explained; it has probably
something to do with the fact that the "spin” of all these particles isTi/2.
Since the dependence on the distance between the particles is the same for
electrostatic and gravitational forces, one can calculate their ratio. For two electrons
one finds for this ratio the pure number
e2/Gm2 = 4.168 x 1042.
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Similarly, one obtains for the ratio of the two forces between the proton and the
electron in the hydrogen atom the somewhat lower value:
ez/Gmpme = 2.276 x 1039.
For all the elementary particles carrying electric charges these ratios are extremely
large, and expressed by numbers of the order of magnitude 1040. This is the first
appearance of such numbers based only on information available already around the
turn of the century. Numbers of a similar order did turn out to play an important role in
the developments of modern cosmology after 1930; they appear there as the ratios of
the “radius of the universe” and of its “age” to the shortest lengths and times,
respectively, which can be measured or observed in contemporary physics. These are
some of the so called “cosmological coincidences” which will be discussed in greater
detail in Part II of this paper.
To express the force constants in terms of c, h, and whatever other factor is
needed, one makes use of the fact that the product he and the square of the electronic
charge, e2, have the same physical dimension. Hence, their ratio is a pure number,
■fi c/e2 = 137.036,
and the electronic charge can be expressed in terms of h and c by the relation
e = v/^c/l 37.036.
The inverse of.-tS c/e2,
Q = e2/'fic= 1/137.036 = 0.0072732

is the so called “fine structure constant” first considered by Sommerfeld in his
relativistic treatment of the Bohr atom. It is a pure number characterizing the strength
of the electromagnetic force. Its role will be considered in greater detail in Part II.
Similarly, the gravitational constant G can be expressed in terms of h, c, and of
the electronic mass me by the formula
9 =1.7508 x 10'45 'fic/rrPg.
The corresponding “gravitational fine structure constant” is
«

= Gm2/fie = 1.7505 x 10'45,
9

e

but some authors use this name for the somewhat larger constant
an

g

= Gm2/fic = 5.9025 x 10'39

p

where the mass of the proton, mp = 1836.11 me, has been used instead of the
electronic mass me.
The other two types for forces considered in modern physics are the so called
strong and weak nuclear interactions which had been first identified and studied during
the 1930’s. The strong force holds the atomic nuclei together — the weak force
determines the life times of various elementary particles and of the stars.
Unfortunately, since these forces cannot be described in terms of simple inverse
square type formulas, numerical constants characterizing them cannot be defined as
easily as for the familiar electromagnetic and gravitational forces, and so one has to
resort to order of magnitude estimates. One should also consider the possibility that
one might need not just two additional “fine structure constants” to charactereize
these two types of forces, but perhaps two sets of such constants.
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The concept of the strong nuclear force had been first suggested by the Japanese
physicist Hideki Yukawa17 in 1935 who did show that the interaction between two
nucleons, i.e., protons or neutrons, could be approximately described by a potential
function

V(r) = - g2e"r/ro/ri
the so called “Yukawa potential”. This potential differs from the corresponding elec
trostatic potential, V(r) = - e2/r (See Appendix D), not only in the value of the “nucleonic
charge” g, but also in the appearance of the exponential factor e'r'ro which brings
about a cut-off of the potential at distances of the order r0 ~ 10'13 cm. This force holds
the nuclei together and is responsible for the “fusion” of protons and neutrons into
heavier nuclei—the process which makes the stars shine, and is indirectly and source
of most of the energies which have made possible the appearance of life.
A “fine structure constant” characteristic for the strong nuclear force can be
defined in the same way as the electromagnetic fine structure constant e2/+ic. In
Yukawa’s original formulation of this theory this constant ahd a value about 400 times
larger than Sommerfeld’s constant,
a s= g^c^ ro 400/137
while in some of the later formulations of this theory values of a 3 up to about 15 have
been reported.
Finally, there is the “weak nuclear force” first postulated by the Italian physicist
Enrico Fermi18 in 1934 in his theory of beta-decay. In this decay process a radioactive
atom emits electrons of energies ranging from zero to a certain maximum. To account
for the apparent disappearance of some of the energy originally present in the nucleus
in this decay process, Pauli (of the exclusion principle) postulated in 1930 the existence
of a neutral particle similar to the electron in having a spinft/2, but possessing either no
rest-mass or an unobservably small rest-mass. He suggested for it the name “neu
trino”, i.e., little neutron. This particle was to carry away the energy not accounted for
in beta-decay. A typical process of this type is the decay of the neutron into a proton (p),
electron (e), and neutrino (v):
n

p + e + v.

Outside the nucleus, the average life-time of a neutron is about 15 minutes while inside
the nucleus it can last indefinitely.
While electromagnetic, strong nuclear, and gravitational interactions can be
described in terms of the primary interaction of only two particles, in weak interactions
of the type responsible for the decay of the neutron, four particles have to be involved
simultaneously (See Appendix E). Still, one can define a corresponding “fine structure
constant”, and obtains for it the order of magnitude 10'12. The tabulation shows the
estimated values of the four characteristic constants, the main function of the force,
and their alleged “carriers".
We see that the orders of magnitude of the four numbers characerizing the four
forces show an extremely wide range. From this point of view, the gravitational force is
extremely weak, but it is additive, and we are very much aware of its presence. Until
the 1930's, we had been quite unaware of the existence of the other “weak” force, but
we know now that it determines not only the lifetimes of various elementary particles,
but also the lifetimes of the stars and their energy production. It is a kind of force
balancing the “strong” nuclear force. The existence of the strong force had been
plausible—there had to be a force holding matter together because the protons inside
the nuclei were obviously repelling each other because of their electrostatic repulsion.
Hence, strong nuclear and electrostatic forces are, at least inside the nucleus,
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The Four Cosmic Forces
Characteristic
“fine structure”
constant

Type of force

Gravitational

a

= Gmf/'fic
e

9

Carrier

graviton?

Holds planets, stars,
and galaxies together;
acts on everything.

hypothetical
W-particles
mass mw aj
150,000 me

Transforms elementary
particles; determines
lifetimes of many particles
and of the stars.

photons
mass zero

Holds atoms and molecules
together; strong in atoms,
but weak over cosmic dis tances because matter neutral.

Pi-mesons
(pions)
mass mn =
= 273.13 me

Holds atomic nuclei
together; source of
fusion energy and of
radiation from stars.

= 1.7508 x 10'45

Weak nuclear

a
W

~ q m2 c/'K
ap e

= 2.99 x 1CT2

Electromagnetic

a = e2/ fic
= 1/137.036

Strong nuclear

“s =g2/*c
~ 3

Main function of
force

balancing each other. From this point of view, it becomes plausible that there have to
be four types of forces determining the structure and evolution of the universe.
Also listed in the Table are the “carriers” of the interactions. The photons and
pi-mesons or “pions” had been identified during the 1930’s as the carriers of electro
magnetic and strong nuclear interactions, respectively, while the role of the hypotheti
cal gravitons and W-particles remains still to be confirmed.
All these carriers are “bosons”, i.e., particles of integer spin not subject to the
Pauli exclusion principle — this implies that any number of them can occupy a
quantum state. But the interacting particles, electrons, protons, neutrons, muons, etc.,
are “fermions”, i.e., particles of half-integer spin obeying the exclusion principle which
is essential for the formation of stable and solid “matter”. They are the building blocks
of “matter", while the bosons are the carriers of various forms of “radiation”.

The Roots of “Special Relativity”
Even relativity physics has its roots in the 1860’s, the period when the first factual
confirmations of both the ancient atomistic hypothesis and of the Pythagorean doc
trine of the role of integer numbers in nature had been obtained. During the same
period, James C. Maxwell had formulated his theory of the electromagnetic field which
culminated in his famous equations describing this field. Using these equations,
Maxwell first succeeded in explaining light as an electromagnetic phenomenon, and
then predicted the existence of other types of electromagnetic waves of wavelengths
ranging over many orders of magnitude. Heinrich Hertz confirmed this prediction in
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1888 by producing and observing electromagnetic waves in the frequency range
which was later used for radio communication. The later technological developments
of radio, radar, television, microwave techniques, and of all the other chanels of
modern communication industries have, in the meantime, created new types of jobs
for millions of people. Maxwell’s prediction that all these types of electromagnetic
waves would propagate in empty space with the same “velocity of light”, c = 2.9979x
10'° cm/sec, had also been fully confirmed by later investigations.
Surprisingly, the same “Maxwell equations” served also as the starting point of
Einstein's ‘‘Special Relativity”. Besides, they became the model for various other
‘‘field theories” including those of quantum physics and of “General Relativity”. In
fact, the very concept of the “field” as part of basic physical reality in addition to
“matter” was for the first time clearly formulated in Maxwell’s theory. Already this
formulation suggested a kind of field-matter or field-particle dualism needed in the
description of physical reality.
Leslie White19 quotes a statement by Hertz, the discoverer of the electromagnetic
waves, as a typical example for the reemergence of Pythagorean ideas in modern
science which he finds quite objectionable. Inspite of being primarily an experimental
physicist, Hertz had felt compelled to say: “In taking about Maxwell’s equations of the
electromagnetic field, one cannot escape the feeling that these mathematical formu
las have an independent existence and intelligence of their own, that they are wiser
than we are, wiser even than their discoverers, that we get more out of them than was
initially put into them.” While this formulation may sound a little too exuberant, many
modern theoretical physicists will agree that Maxwell’s equations do describe a
mathematical structure inherent in physical reality—not with perfect accuracy but
with a high degree of accuracy quite satisfactory in a large variety of applications in
modern technology. While implying some generalizations and reinterpretations of
Maxwell’s equations, quantum physics still uses these equations as one of its founda
tions.
What are Maxwell’s equations? They are represented by two sets of four equa
tions each, one set linking the electromagnetic field to electric “charge-current
four-vector” while the other set imposes additional mathematical conditions on the
quantities representing the “field”. On the contrary, Newton’s equations of motion for
a particle are written as a set of three equations, each equation corresponding to one
of the dimensions of space in suitably chosen coordinates; most frequently used for
this purpose are the familiar cartesian coordinates x, y, z. During the 19th century,
various attempts had been made to explain Maxwell’s equations in terms of mechani
cal models—in fact, Maxwell himself had first used such a model to derive his
equation—but none of these attempts had proved satisfactory. Time had initially been
used in these attempts in the Newtonian sense, as a universal parameter playing the
same role in all the equations. The breakthrough came with Einstein’s realization that
Maxwell’s two sets of four equations could each be written in perfectly symmetrical
form if x4 = \f1 ct (c: velocity of light, t: time) was added as a fourth coordinate to the
three familiar cartesian coordinates x, =x, x2 =y, x3 -z, used to represent the
location of a point in space in a given cartesian coordinate system. The new time
coordinate x4 does no longer represent absolute Newtonian time, but a coordinate for a
point in space-time exactly analogous to the cartesian coordinates x, y, z which
obviously do depend upon the choice of a particular coordinate system. If, for instance,
the new system were moving with a relative velocity v in the x-direction of the initial
system, the time coordinate in the new system is given by the relation

t’ = (t - xv/c2)/V 1 - v2/c2.
Because of the appearance of the factor \/ 1 -v2/c2, the relative velocity v must always
be less than the velocity of lighit c —otherwise the equare root would become
imaginary or infinite for v = c. Besides, this factor is always larger than unity; hence,
time, or rather, any kind of instrument used to measure time like clocks, does slow
down in a moving system relative to a system at rest. This leads to all kinds of
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paradoxical situations, but the slowdown of time has been confirmed experimentally in
a variety of cases.
The space coordinate x is transformed in an analogous way according to the
relation
x' = (x - vt)/\/ 1 - v2/c2
while y and z do not change for relative motion along the x-axis. These formulas
represent the so called Lorentz transformation. The Dutch physicist H.A. Lorentz had
noticed a few years before Einstein that this transformation left the velocity of light
unchanged, but only Einstein realized its far-reaching implications.
Actually, Einstein published four papers in 1905 and, in a sense, each one of them
focuses on the role of one of the four fundamental constants considered in an earlier
section. In his firt paper “On the Production and Transformation of Light” Einstein
developed the theory of the photoelectric effect and defined the "photon”, something
like a bundle of light waves always carrying an amount of energy exactly proportional
to the frequency f (number of vibrations per second):
E = hf
where h is “Planck’s constant”, the “quantum of action”. Planck had actually obtained
this relation from a study of experimental data for thermal radiation, but again, like
Lorentz, he had not realized its far-reaching consequences. It was this paper for hwich
Einstein received the Nobel prize in 1922, and which first focussed attention on the
meaning and importance of the “quantum of action”, h.20
In his second paper2', Einstein developed the theory of Brownian motion — i.e.,
the thermal motion of small particles suspended in gases or liquids. Even for particles
containing millions or billions of molecules, the average energy per degree of freedom
is still '/2kT (see Appendix A) where k is the Boltzmann constant and T the absolute
temperature. Obviously, this paper deals primarily with the relevance of the Boltzmann
constant k, one of the four basic constants considered above.
In his third paper, “On the Electrodynamics of Moving Bodies”,22 Einstein laid the
foundations for his “Special Theory of Relativity” including his reinterpretation of the
Lorentz transformation and the formulation of Maxwell’s equations in relativistically
symmetric form. In his paper, he pointed out the relativity of space and time, but the
apparently “absolute” character of the velocity of light c. Finally, in his fourth paper,
“On the Dependence of the Inertia of a Body on Its Energy Content”, he adapted
Newtonian mechanics to Maxwell’s theory, and obtained his famous relation23
E = me2.
According to this equation, mass contains a large amount of latent energy, and energy
is equivalent to mass. Einstein also introduced the concept of “rest-mass” in this
paper. A particle has a minimum “rest-mass” m0 in the reference system in which it is
“at rest”, but a larger mass,
m = nVV 1 ■ v2/c2,
in a coordinate system moving relative to the “rest system” with a velocity v.
The concept of “rest-mass” further implied the distinction between “matter” and
“radiation”. “Matter” consists of particles like electrons and protons which can be
observed in a state of relative rest while “radiation” consists of more elusive “parti
cles” like photons which are always traveling with the velocity of light and cannot be
stopped. If they are “stopped”, they are absorbed, and cease to exist. When authors
say that according to Einstein’s famous relation E = me2 “matter” can be converted
into energy, or even “pure energy”, they actually mean that the energy of particles
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possessing rest-mass is converted into particles of rest-mass zero, i.e. into
radiation.Processes in which this conversion of matter into radiation and vice versa
actually takes place were only observed during the 1930’s.
While the idea of matter-energy or matter-radiation conversion appeared quite
revolutionary during the first decades of our century, it is surprising to find similar ideas
already in the writings of Hermes Trismegistos. We read in his essay on “Energy and
Feeling”24:
.. energies, though incorporal, are found in bodies, and act through
bodies ... Things once called into being for some purpose or some cause, can never
stay inactive of their proper energy .. .If bodies are on earth, they are subject to
dissolution, but must be on earth as places and organs for the energies. The energies,
however, are immortal, and the immortal is eternally bodymaking .. .if every it is, it is
energy.” However, during all the intervening centuries, these ideas appear to have
been completely forgotten or ignored.
As has already been mentioned, Einstein’s four famous papers published in 1905
dealt successively with the four basic, independent constants of physics: h, k, c, and
m0. The restmass of the electron m„ represents a somewhat arbitrary choice for the
fourth constant—it could be any other restmass of an elementary particle, but is was
this mass which was actually considered in early studies of relativity. Since the
electron is the lightest particle, relativistic effects are most easily observable in the
motion of electrons.
The “Special Theory of Relativity” suggests the following correlative scheme
involving the four fundamental constants:

Table. The Relevance of the Four Fundamental Constants

c
Radiation
“Light”

h (E = hf)

K(S = kJ?n W)

determines processes
involving transformation
of light or radiation
into matter.

determines rate of degradation
of energy and increase
of entropy S.
Tendency towards “chaos”

Tendency towards “form"
“Heh” (final)

n
m0
E = m0c2
Matter
“Mass”
“Vau”

1
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Since this scheme shows surprising similarities with a scheme proposed in some
interpretations of the Jewish scriptural tradition according to which the four letters of
the Divine name (TH iV '■ Yod — Heh — Vau — Heh) can be used to represent
various stages in the cosmic manifestation of force and energy, these four letters have
been included in the Table.25
The first letter “Yod”, is said to symbolize the primary form of energy — after all,
on the first day of creation, according to the Book of Genesis, “God said, ‘Let there be
light’, and there was light.’* Similarly, in modern cosmology, radiation (light) is dominant
during the initial phase of cosmic evolution. The association of the velocity of “light”, c,
with this phase appears rather natural since all the known types of radiation are
believed to travel with this velocity in empty space.
The second letter, “Heh”, has been related to the transformation of primary
energy into form — a process in which according to modern physics, the quantum of
action, h, (or h = h/2n, the atomic unit of angular momentum), plays a vital role. First, it
does determine the amounts of radiative energy absorbed, emitted, or transformed in
various processes involving the interaction between radiation and matter.Second, it
gives form and structure to elementary particles, atoms, molecules, and crystals. Its
role is thus primarily formative. It looks like a coincidence worth while pointing out that
at this rather vital stage both in the Jewish tradition and in modern physics the same
letter has been used.
While radiation has been dominant during the first two stages of cosmic evolu
tion, i.e., the primary energy manifested itself predominantly in form of radiation during
these stages, during a third stage matter is believed to have become dominant—this
is still the situation in the present state of the universe. During this period, an increasing
percentage of energy is “condensed” in the form of material particles possessing
non-vanishing rest-mass, m0, having absorbed an amount of energy E = m0c2. Simi
larly, according the above mentioned Jewish tradition, the third letter, “Vau”, is
supposed to symbolize the stabilization of the process of formation.
Finally, the fourth letter, “Heh-final”, was believed to reveal the completion of the
transformation of energy into form. The fourth of the fundamental constants of modern
physics, the Boltzmann constant k, as has been stated above, appears primarily as the
factor in E~kT, the formula giving the average amount of energy per material particle
at the absolute temperature T. It is, however, also used to express the entropy S of a
system. According to Boltzmann’s famous formula
S = k £n(W)
where “W” is the probability — in German: “Wahrscheinlichkeit” —of the system. A
measure of this probability is the number of ways in which the state of the system
considered can be realized. The word “entropy” itself is a composite created by the
German physicist Clausius in 1865 out of en(ergy) and “trope” — a Greek word
meaning “transformation”. According to the so called “Second Law of Thermo
dynamics”, the entropy of the universe is steadily increasing — it is undergoing
transformation into more and more probable state which implies a gradual decrease of
the absolute temperature — a cooling down of the universe, and, eventually, the so
called “Heat Death of the Universe” when all change is coming to a virtual standstill.
The implications of the “Law of Entropy” did challenge the 19th century philoso
phers. Engels, the co-founder of Marxism, says in his “Dialetics of Nature” (1873):
“Clausius, if correct, proves that the universe has been created, ergo that matter is
creatable, ergo that it is destructible, ergo that also energy, or motion, is creatable or
destructible, ergo that the whole theory of conservation of energy is nonsense, ergo
that all its consequences are also nonsense.”28 Obviously, he did not like the conse
quences of the “Law of Entropy” and neither did Nietzsche who tried to evade them
bypostulating “Eternal Recurrence.” The concept of creation at some finite time in the
past appears to him a relic of the superstitious ages. He rejects the idea of a final state
of the universe, and concludes ‘ 'if materialism cannot escape this conclusion of a final
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state, then materialism is thereby refuted.”27 But all the later developments of modern
science have confirmed the validity of the “Law of Entropy”.

Conclusion
Our considerations show that already the early 20th century developments in
physics, in particular, quantum physics and relativity, suggest quite clearly a cyclic or
dialectic process in cosmic evolution: interaction and transformation processes are
going on between radiation and matter on one side, and formative processes basicaslly determined by the quantum of action h are balanced by degenerative processes
whose rate appears determined by Boltzmann’s constant k. Similarly, gravitational
attraction is in many instantes counteracted by radiation pressure, the strong nuclear
attraction is opposed by electrostatic repulsion.

Appendix A.

Planck’s Law and Boltzmann’s Constant

Planck had noticed that the frequency dependence of thermal radiation, a form of
electromagnetic radiation, could be correctly described by the formula
u(v) = (SnhiP/c3) n.
In this formula, u(v) is the energy density in the radiation field represented as a function
of the frequency v(i.e., number of oscillations per second), H = 6.626 x 10'27 erg/sec is
Planck’s constant, c = 2.9979 cm/sec is the velocity of light, and n is a pure number
obtained by averaging over the set of all integers, n = 0, 1, ...
equation must be made
here is most of type
rest will have to be made by hand
CO

QD

n=(Z ne'nx) / (Z e'nx) = 1/(ex - 1);
n=0

n=0

here x = hv/kT, i.e., the ratio of the photon energy hvto the average thermal energy kT;
k = 1.3806 x 10’16 erg/deg is the Boltzmann constant, and T is the absolute tempera
ture. A first estimate of Planck’s constant had been obtained by comparing these
formulas with experimental data. (ex is the widely used exponential function).
Boltzmann's constant k had been first determined during the 1870’s. Ludwig Boltz
mann, an Austrian physicist, is given credit for having laid many of the foundations of
what is now called “Statistical Mechanics”. He found that the average thermal energy
of a molecule is given by the expression 1/2fkT where f if the number of degrees of
freedom, and T is the absolute temperature. In purely translational motion, a particle is
assumed to have three degrees of freedom corresponding to the three directions of
space: for rotational and vibrational motion, additional degrees of freedom have to be
taken into account. Two degrees of freedom are assigned to the oscillators represent
ing the radiation field.
The absolute temperature T is measured on the Kelvin scale. Its numerical value
is obtained by adding 273.15 to the familiar centi-degrees (Celsius scale). This implies
that the absolute zero of temperature is reached at minus (-) 273.15°C. At this
temperature all thermal motion appears to come to a stand-still. Experimental evi
dence suggesting the existence of this absolute zero of temperature had been first
obtained during the 1850’s.
Boltzmann was also able to show the entropy — a measure of the transformation
of degradation of energy (en-torpy is a combination of en from energy, and tropy from
the Greek word ‘trope’, meaning ‘transformation’)—can be expressed by the formula:
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S = k/n(W).
1n signifies the natural logarithm while “W” stands for probability (in German: “Wahrscheinlichkeit”), the probability of a particular state of a system, i.e., the number of ways
in which it can be realized. Since the natural logarithm is always a pure number, we see
that the entropy of a system is always given by the Boftzmann constant multiplied by a
pure number. In general, this number can be expected to be quite large.

Appendix B.

Angular Momentum and Energies

While some of the components of angular momentum are integer multiples of h,
the dependence of rotational energies upon the integer quantum numbers is usually
more complicated. For many energy levels of rotating atomic nuclei and molecules the
rotational energy is given by the formula
Erot = AJ(J +1) + BK2
where A and B are characteristic molecular constant, but J and K are integer quantum
numbers: J is the total rotational quantum number, and K the quantum number of the
projection of J on the symmetry axis of the nucleus or molecule. Both J and K assume
the integer values 0, 1, 2, .. .with K less or equal than J. For heavier molecules like
ozone (03) spectral lines corresponding to transitions between levels of J and K up to
values of the order 100 can be easily observed. Rotational spectral lines of common
molecules are usually observed in the far infrared or microwave range while vibrational
ines are more likely to be observed in the near infrared or visible spectral range.
Molecular rotations do play an important role in determining the heat balance of our
atmosphere.

Appendix C.

The Shell Structure of Atoms

As has already been mentioned in the text, the quantum number n defines an
electronic shell, but it might be of some interest for the reader to see how the addition
of the other three quantum numbers determines the buildup of the periodic system of
elements. Since for n = 1, = m = 0, this first shell can contain only two electrons for
which either s = V2 or - Vi; it is filled up for the element helium for which the atomic
number Z = 2. For the shell n = 2, the additional three quantum numbers can be
combined in 8 different ways as shown in the Table; hence, this shell is filled for Z = 10,
i.e., for the element neon.

Possible Quantum Numbers for n = 2
£

O

O

m

O

O

s
Z

%
3

1

1

1

1

1

1

1

-1

O

1

■1

O

%

-%

%

-1A

%

4

5

6

7

8

9

10

Be

B

C

N

O

F

Ne

Element
Li

The last two rows show the atomic number Z and the corresponding chemical symbol
for the element whose quantum states can be characterized by the quantum numbers
listed in the first three rows although the entries for m and s are actually subject to
some variations in the built-up of the shell. The purpose of the Table is not to give exact
data for all the elements Z = 3 to 10, but to show how the quantum numbers can
determine the build-up of the shells.
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The shell n = 2 is first filled up for the inert gas neon (Z = 10). The shell n =3 can
accommodate 18 electrons; for arbitrary n, this number is 2n2. The fact that only one
electron can occupy a quantum state has first been pointed out by Pauli, and is the
basis of his "Exclusion Principle” for which he received the Nobel prize in 1946.

Appendix D. The Strong Nuclear Force
According to the formalism of mathematical physics, force is the negative
derivative of the corresponding potential; hence, the electrostatic potential, V = -e2/r,
generates the Coulomb force, F = -dV/dr = -e2/r2. In this sense, the Yikawa potential
generates the strong nuclear force, but the mathematical formula for the potential is
usually simpler than the formula representing the force. For this reason, we quote only
the potential.
The exponential factor e'r r° appearing in the Yukawa potential has the following
values for the values of r/r0 listed:
r/r0:
e'r/ro:

0

1

2

3

4

5

1.000

0.368

0.135

0.050

0.018

0.0067

10
..

0.0000454

Obviously, for larger values of r/rg this factor makes the potential quite negligible. But
for r less than r0 (of the order 10‘1xm)the strong force is a few hundred times stronger
than the electrostatic force; the two forces are of the same order for r/r0~6.
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